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??????????? 1????????????????? $(\mathcal{L}_{s1_{2}}(1,0)^{\otimes 4})$
??? $\tau=(1234)$ ??????????????????????????
?????????????? 4??????????? $\mathcal{L}_{s1_{2}}(4,0)$ ????
?????? $c_{om_{(\mathcal{L}_{s1_{2}}(1,0))^{\tau}}}\otimes\downarrow(\mathcal{L}_{s1_{2}}(l, O))$ ????????????
?????????????? $\mathcal{L}_{s1_{2}}(1,0)$ ? $l$ ??????? $\mathcal{L}_{s1_{2}}(10)^{\otimes l}$
?????? $\tau=$ (12 $\cdots$ l) ???????????????? $(\mathcal{L}_{s1_{2}}(1,0)^{\otimes l})^{\tau}$
???? $\mathcal{L}_{s1_{2}}(l, 0)$ ?????????????$\mathcal{L}_{s1_{2}}(l, 0)$ ??? $\sigma\grave{}\grave{}$??????
??????????????$l\geq 2$ ???????$\grave{}$?????? $\mathcal{L}_{s1_{2}}(1,0)^{\otimes l}$ ?
?????????????????????? $C_{0}\otimes l$ ?
?????????????$l\geq 2$ ??????????????$l=2$ ???
???????????? 1/2?????????????????????
??????????????????$l=3$ ????????? 6/5???
???????? [DLTYY] ???????????????????$l=4$ ?
?????????? $Com_{(\mathcal{L}_{s1_{2}}(1,0)^{\otimes 4})^{\tau}}(\mathcal{L}_{s1_{2}}(4,0))$ ?????? 2??????
???????????????????????????????????
?????????????????? 2????????????????




2 ?????? $M^{\tau}=Com_{(\mathcal{L}_{s1_{2}}(1,0)^{\otimes l})^{\tau}}(\mathcal{L}_{s1_{2}}(l, 0))$
??? 1??????????? $\mathcal{L}_{s1_{2}}(1,0)$ ?????? $A_{1}=\mathbb{Z}\alpha,$ $\langle\alpha,$ $\alpha\rangle=2$
???????????? $V_{A_{1}}$ ?????????? $A_{1}^{\oplus l}=\oplus_{i=1}^{l}\mathbb{Z}\alpha_{i},$ $\langle\alpha_{i},$ $\alpha_{j}\rangle=$
$2\delta_{ij}$ ????????
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???????????????????
$H=\alpha_{1}+\cdots+\alpha_{l}, E=e^{\alpha}1+\cdots+e^{\alpha_{l}}, F=e^{-\alpha 1}+\cdots+e^{-\alpha_{l}}$
?????? $\mathcal{L}_{s1_{2}}(1,0)^{\otimes l}$ ???????????? $l$ ??????????
?? $\mathcal{L}_{s1_{2}}(l, 0)$ ??????????????????
$M=\{u\in V_{\mathcal{L}_{s1_{2}}(1,0)^{\otimes l}}|a_{(i)}u=0$ for $a\in \mathcal{L}_{s1_{2}}(l,$ $0$ $Com_{\mathcal{L}_{s1_{2}}(1,0)}\otimes l(\mathcal{L}_{s1_{2}}(l,$ $O$
?????$M$ ??? $\mathcal{L}_{s1_{2}}$ (10) ????????????????????
$M$ ? $\mathcal{L}_{s1_{2}}(1,0)^{\otimes l}$ ???? $\mathcal{L}_{s1_{2}}(l, 0)$ ???????????
??????? $\mathcal{L}_{s1_{2}}(1,0)^{\otimes l}$ ????????????
$\tau(u_{1}\otimes u_{2}\otimes\cdots\otimes u_{l})=u_{l}\otimes u_{1}\otimes\cdots\otimes u_{l-1}, u_{i}\in \mathcal{L}_{s1_{2}}(1,0)$
?????? $l$ ????????????? $\tau$ ? $\mathcal{L}_{s1_{2}}(l, 0)$ ???? $E,$ $H,$ $F$ ?
?????????????? $\tau$ ? $M$ ?????????????????
?????????? $M^{\tau}$ ?????
?????????? $V$ ???????????? $U$ ?????????
$\omega^{V},$ $\omega^{U}$ ?????? $U$ ? $U^{\backslash }\backslash$??????????$\omega'=\omega^{V}-\omega^{U}$ ?????
??
$Com_{V}(U)=\{v\in V|u_{(i)}v=0$ for $u\in U\}$
????????????????????
$Com_{V}(U)=\{v\in V|\omega_{(0)}^{U}v=0\}$
?????????$U$ ????? $U$ ? $\sigma\grave{}$?????????????????
??????????????? $V$ ?????????? $V$ ???????
??????????
3 $M^{\tau}$ ???
?????????? $V$ ???????? $L_{0}=\omega_{(1)}^{V}$ ???????????
????????????????? $N$ ??????
$ch_{N}(\tau)=tr_{N}q^{L_{0}-\frac{c}{24}}, q=e^{2\pi i\tau}$
????? $V$ ????????????????????? $<1$ ?????
??????????????????? $q$ ????????????????
??????????? $\mathcal{L}_{s1_{2}}(l, 0)$ ?????? $\mathcal{L}_{s1_{2}}(l, k)(0\leq k\leq l)$ ? $l$ ?
????????????? (cf. [FZ92]) ???? (????????????
??) ??????? [Kac90] ??????
$ch_{\mathcal{L}_{s1_{2}}(l,k)}(z, \tau)=tr_{\mathcal{L}_{s1_{2}}(l,k)}q^{\frac{H(0)}{z^{2}}}q^{L_{0}^{aff}-\frac{c}{24}}, q_{z}=e^{2\pi iz}, c=\frac{3l}{l+2}$
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?????????? $L_{0}^{aff}=\omega_{(1)}^{\mathcal{L}_{s1_{2}}(l,0)}$ ????
??????? $\mathcal{L}_{s1_{2}}$ $(l0)$ ????????????? $\mathcal{L}_{s1_{2}}(l, 0)$-?????
????????????????? $\mathcal{L}_{s1_{2}}(l, 0)\subset V$ ????????????
$V$ ?
$V= \bigoplus_{j=0}^{l}\mathcal{L}_{s1_{2}}(l, j)\otimes U_{j}, U_{j}\cong Hom_{\mathcal{L}_{s1_{2}}(l,0)}(\mathcal{L}_{s1_{2}}(l, j), V)$
???????????? $=Com_{V}(\mathcal{L}_{s1_{2}}(l, 0))$ ????????-????
?? $H(O)$ ???????????????????????
$ch_{V}(z, \tau) :=tr_{V}q^{\frac{H(0)}{z^{2}}}q^{L_{0}^{V}}=\sum_{j=0}^{l}ch_{\mathcal{L}_{s1_{2}}(l,k)}(z, \tau)ch_{U_{j}}(\tau)$
??????
? $z_{0},$ $\cdots,$ $z_{l}\in \mathbb{C}$ ?????
$ch_{V}(z_{0}, \tau)=\sum_{j=0}^{l}ch_{\mathcal{L}_{s1_{2}}(\iota,k)}(z_{0}, \tau)ch_{U_{j}}(\tau)$ ,
$ch_{V}(z_{l}, \tau)=\sum_{j=0}^{l}ch_{\mathcal{L}_{s1_{2}}(l,k)}(z_{l}, \tau)ch_{U_{j}}(\tau)$
??????? ?????????
$ch_{U_{0}}(\tau)=\frac{|_{ch_{V}(z_{l},\tau)ch_{L(\ell,1)}(z_{l},\tau)\cdots ch_{L(l,\ell)}(z_{l},\tau)}^{ch_{V}(z_{0},\tau)ch_{L(\ell,1)}.(z_{0},\tau)\cdotsch_{L(\ell,l)}.(z_{0},\tau)}|}{|\begin{array}{lll}ch_{L(\ell,0)}(z_{0},\tau) \cdots ch_{L(\ell,\ell)}(z_{0},\tau)\vdots \vdotsch_{L(\ell,0)}(z_{\ell},\tau) \cdots ch_{L(pp)}(z_{0},\tau)\end{array}|}$ (3.1)
??????2
???????? $V=$ $(\mathcal{L}_{s1_{2}}$ (10) $)^{\tau}$ ???????????????
$tr_{V}\tau^{j}q^{\frac{H(0)}{z^{2}}}q^{L_{0}^{V}}(0\leq j\leq l)$ ?????? $V_{L}$ ? $(H(0), L_{0})$-?????????




2?????$j$ ?????? $U_{j}=0$ ?????????????????????
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???? $f^{\otimes l}$ ? $q_{\frac{z}{2}}^{(\lambda_{i_{1}}+\cdots+\lambda_{i_{l}})}q^{(\mu_{i_{1}}+\cdots+\mu_{i_{l}})}$ ?????????????$\tau^{k}$ ????
$\tau^{k}(u)\neq u$ ????$\tau^{k}f^{\otimes l}(u)$ ? $u$ ???? $0$ ?????? $\tau^{k}(u)=u$ ????
??????? $d=gcd(k, l)$ ?????$i_{t}=i_{t+d}=\cdots=i_{t+(l-d)}(1\leq t\leq d-1)$
??????? $\tau^{k}f^{\otimes l}(u)$ ? $u$ ????
$q_{2}^{d}lq^{\frac{l}{d}(\mu_{i_{1}}+\cdots+\mu_{i_{d}})}l_{(\lambda_{i_{1}}+\cdots+\lambda_{i_{d}})}$
????????????????
$tr_{\mathcal{L}_{s1_{2}}(1,0)^{\otimes l}}\tau^{k}f^{\otimes l}=\sum_{i_{1},\cdots,i_{d}\in I}q_{\frac{\frac{\iota}{zd}}{2}}^{(\lambda_{i_{1}}+\cdots+\lambda_{i_{d}})}q^{\frac{l}{d}(\mu_{i_{1}}+\cdots+\mu_{i_{d}})}$
$=( ch_{\mathcal{L}_{s1_{2}}(1,0)}(\frac{lz}{d}, \frac{l\tau}{d}))^{d}$
??????? $l$ ??? $d$ ?????$l$ ???????? $d$ ??? $l$ ????
?????? $\mu_{l}(d)$ ??????





$= \frac{1}{4}(2ch_{\mathcal{L}_{s1_{2}}(1,0)}(z, \tau)^{4}+ch_{\mathcal{L}_{s1_{2}}(1,0)}(2z, 2\tau)^{2}+ch_{\mathcal{L}_{s1_{2}}(1,0)}(4z, 4\tau))$
????
? (3.1) ???? $z_{0},$ $\cdots,$ $z_{l}$ ?????????????? $z_{0},$ $\cdots,$ $z_{l}$ ??
????????????? $ch_{\mathcal{L}_{s1_{2}}(1,0)}(z, \tau)$ ? $ch_{\mathcal{L}_{s1_{2}}(l,0)}(z, \tau)$ ???????
?????? (cf. [Kac90, Chapter 12]) ?????? $z_{0},$ $\cdots,$ $z\iota$ ?????(3.2)
? (3.1) ?????????$M^{\tau}$ ???? $q$-???????????????
????????? $l\leq 9,$ $q$ ???? 100????????????????
????? $l=4$ ???? 8?????????? :
$ch_{M^{\tau}}(\tau)=q^{-1/12}(1+2q^{2}+3q^{3}+9q^{4}+13q^{5}+26q^{6}+45q^{7}+86q^{8}+O(q^{9}))$ .
(3.3)
4 $M^{\tau}$ ??? $(l=4)$ ???
??? $l\geq 2$ ????$M^{\tau}$ ??? $0$ ???? 1???$M^{\tau}$ ??? 1???? $0$
??????????????????????? , ??? 2???????
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?? $l$ ????????????????? [Yam] ????????????
?????????????? $M^{\tau}$ ??? 2??????????????
????????????????? $l=4$ ???? 2?????? 1??
???????????????????????????????????
$M^{\tau}$ ???????? 1??????????????? $L(1,0)$ ?????
? $L(1,0)\otimes L(1,0)$ ????????????
?? $M^{\tau}$ ??? 4????????????????????????
????????????????????????? $L(1,0)$ ??????
???????????? 1?????????????? $\mathbb{Z}_{2^{-}}$??????
??? $M(1)^{+}$ ???????????????? 4???????????
????????? $M^{\tau}$ ? $M(1)^{+}\otimes M(1)^{+}$ ?????? $M(1)^{+}\otimes M(1)^{+}-$
??????????????$M(1)^{+}$ ?????? [DN1] ?????????






??????????????????????? (3.3) ???????$M^{\tau}$ ?
$M(1)^{+}\otimes M(1)^{+}$-?????
$M^{\tau}=M(1)^{+}\otimes M(1)^{+}\oplus M(1)^{-}\otimes M(1,2)\oplus M(1,2\sqrt{3})\otimes M(1)^{-}$
(4.1)
$\oplus M(1,2\sqrt{3})\otimes M(1,2)\oplus M(1)^{+}\otimes M(1,4) \cdots$
??????????????????
?? (4.1) ?????????????????????????????
???????????????? $V_{\mathbb{Z}\alpha}\otimes V_{Z\beta}(\langle\alpha, \alpha\rangle=12, \langle\beta, \beta\rangle=4)$ ???




????? $\theta_{\alpha},$ $\theta_{\beta}$ ????? $\mathbb{Z}\alpha,$ $\mathbb{Z}\beta$ ? $-1$-????????????? $V_{\mathbb{Z}\alpha},$
$V_{\mathbb{Z}\beta}$ ????????? $x\in \mathbb{Z}\alpha\oplus \mathbb{Z}\beta$ ??????
$I_{x}(u)=e^{2\pi ix(0)}u, u\in V_{\mathbb{Z}\alpha\oplus \mathbb{Z}\beta}$ (4.2)
???????????????????????????
?? 4.1. $l=4$ ????$M^{\tau}$ ??????????? $(V_{\mathbb{Z}\alpha\oplus \mathbb{Z}\beta})^{K}$ ?????




????????? [DLY99] ?? [DLYOI]?????????? $V_{\sqrt{2}A_{3}}\cong$
$V_{A_{1}^{\oplus 3}}^{+}$ ????3 ????? $M\subset Com_{V_{A_{1}}^{\otimes 4}}(V_{\mathbb{Z}H})=V_{\sqrt{2}A_{3}}$ ?????????
? 5.







$\gamma=\alpha_{1}+\alpha_{2}+\alpha_{3},$ $\beta_{1}=\alpha_{1}+\alpha_{2},$ $\beta_{2}=-\alpha_{2}+\alpha_{3},$ $\beta_{3}=-\alpha_{1}+\alpha_{2}.$
???? $\{\frac{1}{\sqrt{2}}\beta_{1}, \frac{1}{\sqrt{2}}\beta_{2}, \frac{1}{\sqrt{2}}\beta_{3}\}$ ? $A_{3}$ ???????????????????
??????? $L$ ?????
$N= \sum_{i,j=1}^{3}\mathbb{Z}(\alpha_{i}\pm\alpha_{j})$
???? $\sqrt{2}A_{3}$ ??????????? $\rho$ ????????????????
?? 5.1. $($ [DLYOI, Lemma 3.4 (3.)] $)$ $\rho$ ?????????????????
??????? $V_{N}\cong V_{L}^{+},$ $M\cong Com_{V_{L}^{+}}(V_{\mathbb{Z}\gamma})$ ??????
??? $M^{\tau}$ ?????? $\tau$ ????? $Com_{V_{L}^{+}}(V_{\mathbb{Z}\gamma})$ ????? $\tau'$ ???
?????
?? $V_{A_{1}}^{\otimes 4}$ ????? $\tau$ ? $A_{1}^{\oplus 4}$ ??????? $\tau$ : $\alpha_{i}\mapsto\alpha_{i+1}$ (????
4????????) ???????????????????? $N\cong\{u\in$
$A_{1}^{\oplus 4}|\langle u,$ $H\rangle=0\}$ ????????????$\tau$ ? $N$ ?????
$\beta_{1}\mapsto\beta_{2}\mapsto\beta_{3}\mapsto-\beta_{1}-\beta_{2}-\beta_{3}\mapsto\beta_{1}$
??????????????? $N$ ?????? $L$ ??????? $\hat{\tau}$
$\alpha_{1}\mapsto\alpha_{3}\mapsto-\alpha_{1}\mapsto-\alpha_{3}\mapsto\alpha_{1}, \alpha_{2}rightarrow-\alpha_{2}$
3?? ?? $\Xi$ ???? C. H. Lam ????????
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? $N$ ????????????? $\hat{\tau}$ ?????????????????









$\tau'=(1\otimes I_{\frac{1}{2}\alpha_{2}}\otimes I_{\frac{1}{2}\alpha_{3}})(13)$ .
???????????????? $(1, 3)$ ? $V_{A_{1}}^{\otimes 3}$ ?? 1???????? 3?




$\tau'(\gamma_{1})=\gamma_{1}, \tau'(e^{\pm\gamma 1})=-e^{\pm\gamma_{1}}$ , (5.2)
$\tau'(\gamma_{2})=-\gamma_{2}, \tau'(e^{\pm\gamma 2})=-e^{\mp\gamma 2}$ , (5.3)
$\tau'(\gamma)=\gamma, \tau'(e^{\pm\gamma})=e^{\pm\gamma}$ . (5.4)
?????? $L$ ????? $K=\mathbb{Z}\gamma_{1}+\mathbb{Z}\gamma_{2}+\mathbb{Z}\gamma$ ???????????
????????$\tau'$ ? $V_{K}$ ???????????????????
$Com_{V_{L}}(V_{\mathbb{Z}\gamma})=Com_{V_{K}}(V_{\mathbb{Z}\gamma})$
$=V_{\mathbb{Z}\gamma_{1}}\otimes V_{\mathbb{Z}\gamma_{2}}\oplus V_{\frac{1}{2}\gamma_{1}+\mathbb{Z}\gamma_{1}}\otimes V_{\frac{1}{2}\gamma_{2}+\mathbb{Z}\gamma_{2}}.$
????? $\tau'$ ? $Com_{V_{Z\gamma}}(V_{L})$ ?????????????????????
?? $(V_{\mathbb{Z}\gamma_{1}}\otimes V_{\mathbb{Z}\gamma_{2}})^{\tau'}$ ?????????????
$Com_{V_{L}^{+}}(V_{\mathbb{Z}\gamma})^{\tau'}=(V_{\mathbb{Z}\gamma_{1}}\otimes V_{\mathbb{Z}\gamma_{2}})^{\langle\theta,\tau'\rangle}$
??????? $\langle\gamma_{1},$ $\gamma_{1}\rangle=12,$ $\langle\gamma_{2},$ $\gamma_{2}\rangle=4$ ????????? 5.2???
$\tau'|_{Vz_{\gamma_{1}}}=I_{\frac{1}{24}\gamma_{1}}, \tau'|_{V_{z_{\gamma_{2}}}}=I_{\frac{1}{8}\gamma_{2}}\theta_{\gamma_{2}}.$
????????? $\alpha=\gamma_{1},$ $\beta=\gamma_{2}$ ?????????????
?? 5.3. ?? $L=A_{1}\oplus A_{1}\oplus A_{1}$ ???$\rho$ ? (5.1) ????????????
????? $\alpha,$ $\beta\in L$ ????????????
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(1) $\langle\alpha,$ $\alpha\rangle=12,$ $\langle\beta,$ $\beta\rangle=4,$ $\langle\alpha,$ $\beta\rangle=0.$
(2) $\rho(M^{\tau})=(V_{\mathbb{Z}\alpha}\otimes V_{\mathbb{Z}\beta})^{G}$ . ??? $G=\langle\theta,$ $I_{\frac{\alpha}{24}+\frac{\beta}{8}}\theta_{\beta}\rangle$ ????
? $G$ ????????
$(I_{\frac{\alpha}{24}+\frac{\beta}{8}}\theta_{\beta})\theta=(I_{\frac{\alpha}{24}}\theta_{\alpha})I_{\frac{\beta}{8}}$
??????????????? $G$ ??? 4.1?????????????
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